In this paper, we employ transformation operators and Levinson's density formula to study the distribution of interior transmission eigenvalues for a spherically stratified media. In particular, we show that under smoothness condition on the index of refraction that there exist an infinite number of complex eigenvalues and there exist situations when there are no real eigenvalues. We also consider the case when absorption is present and show that under appropriate conditions there exist an infinite number of eigenvalues near the real axis.
Introduction
The transmission eigenvalue problem is a non-selfadjoint eigenvalue problem that appears in inverse scattering theory [13, 14] and has attracted a considerable amount of research interest in recent years [8] . Although the transmission eigenvalue problem is not selfadjoint, and hence there exists the possibility of complex eigenvalues, until recently only real eigenvalues have been considered. However in [1, 6, 19] it was shown that for the case of spherically stratified media, complex eigenvalues do exist.
After the formulation of the interior transmission eigenvalues problem in [13] , the first serious investigation of the inverse spectral problem was done by McLaughlin and Polyakov [22] . These authors (see also [14] ) considered the case of a spherically stratified medium with (normalized) support | | ⩽ x x { : 1}and spherically symmetric eigenfunctions, i.e. the eigenvalue problem 
(1), 
(1), The eigenvalue problem (1.2)-(1.4) is called the transmission eigenvalue problem for a spherically stratified medium and values of k for which a nontrivial solution of (1.2)-(1.4) exist are called transmission eigenvalues. As shown in [13] , and subsequently in many papers and books (see [5, 11, 14, 22] ), the eigenvalues are the zeros of the entire function
(1) cos ( ) (1) sin ( ) .
(1.5)
The function d(k) is entire as a function of k and goes to zero in the order of O k (1 ) as k goes to infinity along the real line [14] . Let . It was shown in [13] (see also [11] ) that an infinite number of real transmission eigenvalues exist under the assumptions that ≠ n (1) 1 and δ ≠ 1. There was the question whether complex eigenvalues could exist. Finally it was shown in [6] that they do exist if δ is close to zero. It was shown in [14] that the function d(k) has the asymptotic expansion
1 ( sin ( ) cos ( ) cos ( ) sin ( )) 1 2 for k going to infinity along the real axis where
n n C n n n t t : 1 ( (0) (1)) , : Using this expansion plus the assumptions that both δ ≠ 1 and ≠ n (1) 1, it was shown in [19] and in [12] that infinitely many complex transmission eigenvalues in fact exist and they lie in a strip parallel to the real axis. Lastly, a recent article [23] of Sylvester has a detailed study on the distribution of transmission eigenvalues when n(r) is a constant.
Our main goal here is to investigate the cases when one of the parameters δ or n (1) is 1 with the extra assumption that the refractive index ∈ n C [0, 1]
2
. In the case when δ = 1 we show that it is possible to have all the eigenvalues being real. If = n (1) 1, then in general an infinite number of complex eigenvalues are present. However, in contrast to the case when ≠ n (1) 1, these eigenvalues no longer lie in a strip parallel to the real axis. We will also provide an example with all the transmission eigenvalues being complex when both parameters δ and n (1) are 1. Finally we will consider the case when the medium is absorbing and show that under appropriate assumption there are an infinite number of eigenvalues that accumulate near the real axis.
We will always assume that n(r) is not identically equal to one.
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Complex transmission eigenvalues
We first recall a classical result due to Levinson . 
We say that an entire function belongs to the Paley-Wiener class if it has the representation given in (2.1).
Corollary 2.4. Suppose f(z) and g(z) are in the Paley-Wiener class of types τ and σ respectively. If σ τ < , then the sum
To employ the theorem in the next section, we note that a sine transform
n r ( ) denote the number of zeros of an entire function f(z) in the right half plane with | | ⩽ z r. One can also define a corresponding function − n r ( ) for the zeros in the left half plane. Our tool of counting the density of the non-real zeros of the entire function d(k) is the following extension of a theorem due to Cartwright [18] . To apply these two theorems to count the number of non-real zeros of a given entire function, we first establish the following results. 
2 as x goes to infinity on the real axis. Then f(z) is of type τ.
Proof. The density of the positive zeros of f(z) is τ π. So the type of f(z) must be at least τ, so it is equal to τ. □
In the next result, we are setting up conditions to prove the finiteness of the number of complex roots. The assumptions are not the best possible. The number τ below is assumed to 
For later use, we note that functions of the form Proof. To prove the first part of the corollary, we note that f(z) is of type at most τ based on the property of h(z). On the real axis, h(x) goes to 0 as x goes to infinity. Hence the density of the real zeros on the positive real axis is τ π. So the density of all the zeros on the right half plane is at least τ π. Using Levinson's theorem, we see that the type of f(z) is τ.
In [15] , Duffin and Schaeffer proved that f(z) has only real zeros if the entire function | | ⩽ h x ( ) 1 on the real line. Our corollary is a simple modification stating if h(x) goes to 0 as x gets big, then all the zeros of f(z) are real except finitely many may be complex. The proof presented here is an imitation of theirs. To simplify the notation, we let τ = 1. The general case follows from dilation.
From the theorem above and with = + z x y :
i , there exists a real number M such that when | | z is large,
We set up a symmetric rectangle  with vertices at π ± + ± n Y ( 1 2) i with n being a positive integer and Y a large positive real number. Our aim is to show that
An application of Rouchéʼs theorem shows that f(z) and z sin ( ) have the same number of zeros inside .
whose value is + y 1 sinh ( ) 2 on a vertical side of . Since
sin ( ) on the four edges of the rectangle. Thus f z ( ) and z sin ( ) have the same number of zeros inside .
we see that all the real zeros of f(z) are close to that of z sin ( ). So all the zeros of f(z) are real inside  when Re(z) is sufficiently large. □
Existence of complex zeros
As noted earlier, when both parameters δ ≠ 1 and ≠ n (1) 1, the entire function d(k) has infinitely many real and non-real zeros. The main theme of this paper is to show that this situation is drastically different when one of these parameters is 1. If both are 1, then it is possible to have all zeros complex.
Our method to locate the zeros of the function d(k) as a function of the parameters n (1) and
hinges on the Levitan-Gelfand formulation of the Sturm-Liouville
. Using the Liouville transformation
and setting
we can rewrite 
We note that each of these two entire functions is of type δ as a function of k.
Since ξ = z n r y r ( ) ( ) ( ) 1 4 we have that
(1) ( ) (1) 4 (1) (1). The entire function
is of type at most δ + 1 and can be rewritten as
(1) 
(1)
We multiply both sides above by αn k (1) 1 4 to arrive at
(1) ( ) 1 4 . After expanding the right-hand side and collecting terms of similar order of decay as k goes to infinity along the real line, we have the following formulation: where The function kH k ( ) is bounded on the real line and is of exponential type δ ⩽ + 1. The first two terms on the right-hand side of (3.12) can be written as
2 sin ( ( 1) ), (3.13) while all the other terms are O k (1 ) for k large. When both ≠ n (1) 1 and δ ≠ 1, a case that has been covered in [19] , we see that density of the zeros of d(k) is δ π + ( 1) . In general, there are many situations that infinitely many of them are complex. Interesting patterns of the location of the zeros can be generated by picking an n(r) with
close to 1 as the example below shows. However the exact conditions to determine the existence of complex eigenvalues are still lacking. Since the refractive index n(r) is defined to be one for ⩾ r 1, a natural assumption is to let n (1) = 1 and ′ = n (1) 0. We intend to show that an infinite number of complex eigenvalues are present under the additional assumptions ″ ≠ n (1) 0 and δ ≠ 1. We believe that the result still holds even when ″ = n (1) 0. We intend to discuss this case in a future paper. Note that we simplified one of the integrated terms using the fact that
Using a trigonometric identity, the terms of order O k (1 ) 2 can be rewritten as
2 (sin ( ( 1) ) sin (( 1) )).
According to corollary 2.7, the sum of this expression with the remainder term which is of order O k (1 ) 3 is an entire function of type δ + ( 1) if the coefficient of δ + k sin ( ( 1) ) (which equals to δ δ δ δ
t is equal to
. From (3.4), we see that δ = ″ p n ( ) (1) 4 since = n (1) 1 and ′ = n (1) 0 . ( 1) ( 1) ) generates an infinite set of positive real zeros with density equal to δ π | − | 1 while the density of all the zeros on right half plane equal to δ π + ( 1) we have both infinitely many real and non-real zeros. □
As mentioned in example 1, it was proved in [12] that the zeros of D(k) lie in a strip parallel to the real axis if ≠ n (1) 1. We now show that if n (1) = 1, the imaginary parts of the zeros cannot stay bounded as their real parts move to the right. for an integer m. On the two vertical boundaries,
This value is at least 1. So ( 1) ) for y bounded and | | k large. The inequality also holds on two fixed horizontal boundaries for | | k large. Thus we have proved that ( 1) ) sin ( ( 1) ) on all four sides of the rectangle when Re(k) is large. By Rouché theorem D(k) has the same density of zeros as δ − k sin ( ( 1) ) inside a rectangle with fixed height. When Γ 4 moves out to infinity, the density of zeros inside this infinite strip is δ π | − | 1 . However the density of all the non-real zeros is δ π + ( 1) . This shows that the zeros of D(k) cannot lie inside a fixed horizontal strip. □
If we let
A simple calculation shows that the imaginary parts of the non-real zeros go to infinity as they move out to the right. A numerical example illustrating the case = ′ = n n (1) 1, (1) 0 is shown in figure 3 below.
We now give an example to illustrate theorem 4.1. for any > c 0. = n (1) 1 and ′ = n (1) 0 in either case. The first case has an absolute maximum at r = 1 while the second case has an absolute minimum there. Different values of δ ≠ 1 can be obtained by varying the parameter c. These two Halm type functions(see [16] , p 357) have a constant ξ p ( ) for its Liouville transform so the entire function d(k) can be computed by hand. ( 1) (3 ) ). 
and hence
By expanding the sine terms further, we arrive at the following asymptotic approximation:
sin ((log (3) 1) ) .
2
This verifies the formula given in (4.1).
Remark. We did not consider the case n(1) = 1 and ′ ≠ n (1) 0 in the theorem above. However in this case it is quite easy to deduce from (3.12) that δ δ δ δ δ
When ′ ≠ n (1) 0, the density of all the zeros on the right half plane is still δ π + ( 1) and the density of the real zeros is δ π | − | 1 .
Case: δ = 1
An investigation of eigenvalues in the case δ = 1 gives a number of surprising results. In particular we will show that in this case it is possible to have all real eigenvalues or all complex eigenvalues. . Suppose δ = 1 and ≠ n (1) 1. Then there are at most finitely many complex transmission eigenvalues.
However if both δ = 1 and = n (1) 1, then it is possible to have only finitely many real eigenvalues.
Proof. The theoretical aspect is pretty straight forward. If δ = 1 then from (3.12)-(3.13) D(k) has the form
2 sin (2 ) ( ), (5.1)
The term k sin (2 ) dominates the sum for D(k) when k is large along the real axis and we see that the density of the real zeros is π 2 . The function D(k) vanishes at the origin, so the term G (k) has a zero at the origin.
If we multiply the entire equation by k, we see that kG k ( ) is an entire function of type two and there are at most finitely many complex roots as shown by corollaries 2.7 and 2.9 (we will show examples below with one where all the roots are real and another with a few complex roots at the beginning and then all real roots afterwards).
If both δ = 1 and = n (1) 1, the expression in (5.1) gives
, then D(k) will be either strictly positive or strictly negative for large k. Hence there are at most finitely many real zeros.
Finally if in addition ′ = n (1) 0 then
Again, there will be only a finite number of real zeros if Remark. We learned of this particular Halm type index from reading Hille's book [16] . However, examples like the one above have appeared in [2] .
Example 3b. If one picks (3 2 ) (3 )) with 2 9 log 5 2 , Thus we have Figure 4 . Example 3b. 
2 and 
By taking = − c 1 2 and solving for b to have δ = 1, we get b = 1.8083. We note that = n (1) 1. The function d(k) can be obtained quite easily and, as shown in the proof of theorem 4.1, has the asymptotic form together with the horizontal envelope is shown in figure 5 . In particular there exist no real eigenvalues for this choice of n(r).
Transmission eigenvalues for absorbing media
In this last section of our paper we turn our attention to the case when the medium is absorbing, i.e. the index of refraction is complex valued. In this case, we cannot in general expect that real transmission eigenvalues exist (theorem 8.12 of [11] ). However we will show that under appropriate assumption there exist an infinite number of transmission eigenvalues that lie arbitrary close to the real axis.
For the case of absorbing media, the interior transmission eigenvalue problem becomes (see [7] ) Then there exist an infinite number of transmission eigenvalues that are arbitrarily near the real axis. Proof. Assume the contrary. Then we can choose a semi-infinite strip parallel to the real axis such that there are no (complex) eigenvalues in the strip (see figure 2) . Since , then numerically one can show that there is a set of complex eigenvalues that get very close to the real axis as the real part of k increases.
Final remarks. After this article was prepared, we were drawn to attention of two articles by LH Chen [9] and [10] . A formula for the density of zeros identical to what we have at the end of theorem 4.2 here was derived in theorem 1.2 in [9] . However we were unclear on some of the derivations in the two articles, in particular the formula for the derivative in (1.22) in [9] and in (1.35) in [10] . Our result hinges on the behavior of n(r) at r = 1 while it is at r = 0 for Chen's result (see (1.20) in [9] ). In addition, we could not see why the 'natural' assumptions n (1) = 1 and ′ = n (1) 0 would lead to the conditions = ′ = p B p B ( ) ( ) 0 as stated on the line above (1.35) in [10] . The function ξ p ( ), though not explicitly defined, seems to be ξ q ( ) in equation (1.32) there. This set of conditions may have been used to derive the result stated in (4.53) in the same paper.
